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EXPERIMENTAL DETERMINATION OF L I Q U I D  OSCILLATION FREQUENCY 
I N  AN INCLINED RIGHT CIRCULAR CYLINDER 
SUMMARY 
An experimental  i n v e s t i g a t i o n  w a s  performed t o  determine the  f r e -  
quency of l i q u i d  o s c i l l a t i o n s  i n  a r i g h t  c i r c u l a r  c y l i n d r i c a l  tank t i l t e d  
a t  0", 3 0 " ,  4 5 " ,  and 60" t o  t he  l o c a l  v e r t i c a l .  The l i q u i d  depth w a s  a l s o  
varied. Two modes of o s c i l l a t i o n  were s tud ied ,  one wi th  i t s  nodal l i n e  
along t h e  minor a x i s  of t h e  l i q u i d  f r e e  s u r f a c e  and one wi th  i t s  nodal 
l i n e  along t h e  major a x i s  of t he  s u r f a c e .  The frequency of each of t hese  
modes w a s  decreased by inc reas ing  t h e  tank t i l t ,  w i t h  t h e  frequency of 
t h e  former being decreased much more than t h e  frequency of t h e  l a t t e r .  
I. INTRODUCTION 
Body f o r c e  dominated p rope l l an t  dynamics i n  axisymmetric tanks w i t h  
t h e  body f o r c e  vec to r  p a r a l l e l  t o  t he  tank a x i s  has been s tud ied  exten- 
s i v e l y  ( re ferences  1, 2 ,  and 3 ) .  The condi t ions  , axisymmetry and body 
f o r c e  vec to r  p a r a l l e l  t o  t he  tank a x i s ,  have appl ied  t o  nea r ly  a l l  rocke t  
veh ic l e s  of i n t e r e s t  u n t i l  cons ide ra t ion  of t h e  S h u t t l e  v e h i c l e ,  boos te r  
and o r b i t e r .  S h u t t l e  conf igu ra t ions  being s tud ied  a r e  a i r c r a f t - t y p e  
veh ic l e s  launched v e r t i c a l l y  and having h o r i z o n t a l  f ly-back c a p a b i l i t y .  
To have f ly-back c a p a b i l i t y  i n  a l l  s i t u a t i o n s  , including a b o r t ,  t h e  
v e h i c l e  must be c o n t r o l l a b l e  during t r a n s i t i o n  from v e r t i c a l  t o  h o r i z o n t a l  
f l i g h t  w i t h  any p r o p e l l a n t  f i l l  level.  Knowledge of p rope l l an t  dynamics 
during f l i g h t  a t  these  var ious  v e h i c l e  o r i e n t a t i o n s  i s  requi red  f o r  
proper c o n t r o l  system design.  
The purpose of t h i s  s tudy  w a s  t o  determine t h e  e f f e c t  on l i q u i d  
o s c i l l a t i o n  frequency of changes i n  t h e  angle  between the  tank a x i s  and 
t h e  body f o r c e  v e c t o r  ( t h e  l i q u i d  weight vec tor  i n  t h i s  i n v e s t i g a t i o n ) .  
An experimental  approach w a s  chosen. The tank tilt  ang le  w a s  varied from 
0"  t o  60" and the  l i q u i d  depth t o  tank  r a d i u s  r a t i o  from 0.5 t o  3.25. 
11. APPARATUS AND PROCEDURE 
The tes t  se t -up  is shown i n  f i g u r e  1. The appara tus  cons is ted  of a 
20 cent imeter  i n s i d e  diameter  p l ex ig l a s s  r i g h t  c i r c u l a r  c y l i n d r i c a l  tank 
38 cent imeters  t a l l  bo l ted  to  a n  aluminum framework which held t h e  tank 
a t  the des i red  tilt angle .  The test  l i q u i d  w a s  d i s t i l l e d  water  w i th  two 
parts per  thousand Aerosol MA. The kinematic v i s c o s i t y  of t he  l i q u i d  a t  
t h e  t e s t  temperature,  27.8OC, w a s  .0084 cm'/sec wi th  v i s c o s i t y  measured 
by an  Oswalt-type vfscometer and assuming t h e  d e n s i t y  t o  be t h a t  of water ,  
1 gm/cm3. The s u r f a c e  t ens ion  a t  t h i s  temperature was  48 dynes/cm ( r e f e r -  
ence 4).  A s t o p  watch w a s  used t o  measure the  period of l i q u i d  o s c i l l a -  
t ion .  
The tank w a s  s e t  a t  t h e  des i r ed  tilt angle  and f i l l e d  t o  t h e  t e s t  
depth,  h. The f r e e  s u r f a c e  w a s  no t  allowed t o  c o n t a c t  t h e  tank bottom 
o r  t o  s p i l l  over t h e  tank top,  and t h e s e  r e s t r i c t i o n s  s e t  t h e  lower and 
upper l i m i t s ,  r e s p e c t i v e l y ,  on l i q u i d  depth. Two modes were s t u d i e d ,  
one having i ts  nodal l i n e  along the  minor a x i s  of t h e  e l l i p t i c a l  f r e e  
s u r f a c e  and one along t h e  major. Liquid o s c i l l a t i o n s  were exc i ted  by 
rocking the  tank and framework. During f r e e  decay of t he  o s c i l l a t i o n s ,  
and a f t e r  disappearance of i n i t i a l  d i s tu rbances ,  t he  t i m e  requi red  f o r  corn- 
p l e t i o n  of 50 cyc le s  w a s  measured wi th  a s t o p  watch and used t o  calculate 
frequency . 
111. DISCUSSION 
The l i q u i d  o s c i l l a t i o n  mode having its nodal l i n e  along t h e  minor 
axis of t h e  e l l i p t i c a l  f r e e  s u r f a c e  w i l l  be c a l l e d  the  long i tud ina l  mode, 
and the  mode wi th  nodal l i n e  along t h e  major a x i s  w i l l  be  c a l l e d  t h e  lateral 
mode. 
A. Experimental 
Frequency d a t a  f o r  t h e  long i tud ina l  mode a r e  shown i n  f i g u r e  2. 
Three o r  more measurements were taken a t  each test  cond i t ion ,  and the  
data were r epea tab le  wi th in  approximately k1.5 percent .  
The t h e o r e t i c a l  curve f o r  a = 0" (ice., f o r  a n  u n t i l t e d  r i g h t  c i r -  
c u l a r  cy l inde r )  follows the  expression,  
W2R h - = 1.841 tanh (1.841 E), 
g 
2 
taken from re fe rence  2 and shows e x c e l l e n t  agreement w i t h  t h e  a = 0" 
experimental  r e s u l t s .  Dashed l i n e s  a r e  f a i r e d  through d a t a  taken a t  
o the r  ang le s .  
mately 27  percent  of t h e  maximum va lue  a t  a = 0". 
The frequency parameter,  w2R/g, a t  a = 60" is approxi-  
FZgure 2 shows t h a t  t h e  measured f requencies  were a f f e c t e d  only  
s l i g h t l y  by changes i n  l i q u i d  depth  f o r  ang le s  o t h e r  than  0 " ;  however, 
t h e  appearance of t h e  l i q u i d  s u r f a c e ,  as it  o s c i l l a t e d ,  changed con- 
s i d e r a b l y  w i t h  l i q u i d  depth.  With the  s u r f a c e  very  near  t h e  tank 
bottom, a geyser  of l i q u i d  formed a t  t h e  overhanging tank w a l l  and f e l l  
back i n t o  t h e  s u r f a c e  once each cyc le .  
increased  l i q u i d  depth and may have been due t o  t h e  occurrence of travel- 
ing waves a t  the  s m a l l  depth.  
This geyser  disappeared w i t h  
The frequency d a t a  f o r  la teral  o s c i l l a t i o n s  a r e  shown i n  f i g u r e  3. 
The e f f e c t  of tank  tilt on frequency parameter is seen  t o  be  much l e s s  
f o r  l a t e ra l  o s c i l l a t i o n s  than f o r  l o n g i t u d i n a l ,  w i t h  t h e  va lue  of w2R/g 
a t  a = 60" equal  t o  approximately 75 pe rcen t  of t h e  maximum va lue  a t  
a = 0" .  The la teral  mode d id  n o t  e x h i b i t  any obvious d i f f e r e n c e s  i n  
appearance due t o  l i q u i d  depth as did t h e  l o n g i t u d i n a l  mode. The locus 
of maximum amplitudes f o r  t he  l a te ra l  mode appeared t o  be t h e  two cy l inde r  
elements one c y l i n d e r  d i a m e t e r  apar t ,  measured h o r i z o n t a l l y .  This mode 
might c o n t r i b u t e  fo rces  i n  both  t h e  lateral  and l o n g i t u d i n a l  d i r e c t i o n s  , 
whereas, t h e  l o n g i t u d i n a l  mode probably does n o t  e x e r t  unbalanced l a t e r a l  
fo rces .  
F igure  4 shows t h e  change i n  l o n g i t u d i n a l  mode frequency parameter 
w i t h  t ilt  ang le  and g ives  the  r a t i o  of w2R/g a t  a p a r t i c u l a r  a t o  w2R/g 
a t  a = 0" f o r  depths  a t  which changes i n  depth  do no t  apprec i ab ly  a f f e c t  
w2R/g. I n t e r p o l a t i o n  between t h e  d a t a  a t  a = 0" and a = 30" i n d i c a t e s  
t h a t  t h e  frequency, w, would be  reduced by a very small  amount f o r  a 10" 
tank tilt. (Ten degrees  is  roughly the  l a r g e s t  ang le  expected between 
t h r u s t  vec tor  and tank a x i s  dur ing  boost  f o r  some c u r r e n t l y  s tud ied  
S h u t t l e  veh ic l e s . )  
B. Comparison w i t h  Theory 
I n  f i g u r e  5, t h e  d a t a  are  compared w i t h  the theory of r e fe rences  
2 and 5. 
10 pe rcen t  and 14 pe rcen t  lower than  t h e  measured values  f o r  a = 30" and 
a = 45" ,  r e s p e c t i v e l y ,  and agrees  w e l l  w i t h  experiment a t  a = 60" .  The 
development of t h e  theory used t h e  assumption t h a t  t h e  o s c i l l a t i n g  f r e e  
s u r f a c e  remained f l a t .  But t h e  real f r e e  s u r f a c e  appeared f l a t  only a t  
very  s m a l l  ampli tudes,  and t h i s  may be one cause  of discrepancy between 
the  theory  and experiment. 
The theory  of r e fe rence  5 p r e d i c t s  values  of w2R/g which a r e  
3 
IV .  CONCLUDING REMARKS 
An experiment w a s  performed t o  measure the  frequency of l i q u i d  
o s c i l l a t i o n s  i n  a n  inc l ined  r i g h t  c i r c u l a r  cy l inde r .  I n c l i n a t i o n  
angles  of 0", 30", 45", and 60" were used. For the  mode wi th  its nodal 
l i n e  ly ing  along t h e  minor a x i s  of t h e  e l l i p t i c a l  f r e e  su r face ,  t h e  
long i tud ina l  mode, t h e  frequency parameter (propor t iona l  t o  frequency 
squared) w a s  reduced, by i n c l i n i n g  t h e  tank a t  6 0 ° ,  t o  27 percent  of 
its value w i t h  t h e  tank upr ight .  For t h e  mode wi th  nodal l i n e  along 
the  major a x i s  of t he  f r e e  s u r f a c e  e l l i p s e ,  t he  lateral mode, t h e  
frequency parameter a t  60" i n c l i n a t i o n  w a s  75 percent  of t he  va lue  a t  
0" i n c l i n a t i o n .  
Comparison wi th  a v a i l a b l e  theory showed good agreement except a t  
t h e  30" and 45" i n c l i n a t i o n s ,  where the  pred ic ted  va lues  were 10 per-  
c e n t  and 14 percent ,  r e spec t ive ly ,  below the  measured values  of f r e -  
quency parameter. 
The r e s u l t s  i n d i c a t e  t h a t  tank tilt should have only  a small effect 
on S h u t t l e  p rope l l an t  dynamics dur ing  launch f o r  t h e  expected 10" o r  
l e s s  ang le  between t h r u s t  vec to r  and tank ax i s .  
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- N o t e :  D i m e n s i o n s  a r e  
in  C e n t i m e t e r s  
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